Deligne categories Indecomposables in Krull-Schmidt categories Khovanov-Sazdanovic categories Results REFERENCES
[e]e]e] 00000000 000000 000000000
:

Indecomposable objects in Khovanov-Sazdanovic

cobordism categories and rings of modular symmetric

functions

ROBERT LAUGWITZ — University of Nottingham
UEA Pure Maths Seminar — November 22, 2022



Deligne categories Indecomposables in Krull-Schmidt categories Khovanov-Sazdanovic categories Results REFERENCES
[e]e]e] 00000000 000000 000000000
:

SUMMARY

» Khovanov-Sazdanovic cobordism categories DCob,,
a = p(x)/q(x) a rational function
» Special case: Deligne’s category Repy(S;) interpolating
Rep(S;) to limits € k
» grKo(DCob,) & &), Sym
Z: zero set of a polynomial associated to «
» Techniques developed:
» associated graded categories of Krull-Schmidt categories
» Galois descent for categorical group actions
» Works in chark = p, giving rings of modular symmetric
functions
» Joint work with Johannes Flake (Aachen) & Sebastian Posur
(Miinster) ArXiv:2106.05798
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DELIGNE’S INTERPOLATION CATEGORY Rep(S;)

Motivation: Let V := C" standard representation of S,.

> Every simple S,-representation is a direct summand of V&
for some k > 0.

» Partitions of {1,...,k,1’,...,I'} give morphisms of
Sy-representations
V&K _y yel
» These morphisms span Homg, (V& V') as a k-vector
space.

» Rep(Sy) is the idempotent completion (the Karoubian envelope)
of the full tensor subcategory generated by V.

» Deligne: Composition rule is combinatorial, the number n
appears polynomially.

» replacing n by t € C gives new tensor categories Rep(S;)
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DELIGNE’S INTERPOLATION CATEGORY
Rep(S;) = Repi(Sy) is the idempotent completion of the following
category:
» Objects: [m] for m € Z>g
» Morphisms [m] — [k]: Linear combinations of partitions of
{1,...,m 71, ... k'}
» Composition: Concatenation — for example,

S B v B S (el

Deligne ‘07: Symmetric tensor category Rep(S;) for t € k
» For generict ¢ Z>o: Rep(Sy) is semisimple
» For n € N, there is a symmetric tensor functor
Fu: Rep(Sn) —>»  Rep(Sn)
N—— N——
not semisimple semisimplification

which is full & essentially surjective
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INDECOMPOSABLE OBJECTS IN Repc(St)

Theorem (Deligne for t ¢ Z-(, Comes—Ostrik for ¢ general)

There is an isomorphism of graded rings

gr Ko Repc(St) = Sym

Assoczated Grothendzeck
gmded ring rmg

In particular, indecomposable objects correspond to Young diagrams.

Here, Sym = P,5o Ko Rep,(Sn) is the ring of symmetric functions
with induction product

SVI m
SASp = Zl/ CK,/LSV = [IndS ;S (V)\ X VH)]’

where sy = [V,] is the Schur function of A - n, and p - m,
and c, , Littlewood—-Richardson coefficients.
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KRULL-SCHMIDT CATEGORIES

Definition
An additive category C is Krull-Schmidt if every object X has a

decomposition X = X; & ... @ X,;, where End¢(X;) is local for
all 4.

» C is Karoubian (additive and idempotent complete)
» X is indecomposable <= End¢(X) is local

» Decompositions into indecomposables is unique up to
permulation of summands—the Krull-Schmidt theorem
» Examples:

» Representation categories of groups

» If C is Karoubian, k-linear, with all dimy Home (X, Y) < oo,
then C is Krull-Schmidt

» — Repk(S;) is Krull-Schmidt
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CLASSIFYING INDECOMPOSABLES

Let C be a Krull-Schmidt category
» Take an object X # 0in C
primitive
} Jiso idempotents

{indecomposable
in Endc (X )

summands in X / conjugation

» Pass to quotient category C/(X)
» C/(X) formally sets Idx =0
» The quotient is still Krull-Schmidt

» Continue with C/(X) using that

indecomposables P inde.composables L indecqmposables
inC inC/({X) in X
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THE EXAMPLE Repi(S;)

Let k be any field with chark = p, consider C = Repy(S;).
» (0] is indecomposable as End¢([0]) =k
» InC/([0]), [1] is indecomposable as End([1]) = k
» Inductively, consider [z + 1] in C/ ([0],. .., [n]).
1

» One proves that in this quotient End([n + 1]) = kS,,; is the
group algebra of S, 11

» Use the classical result

primitive p-regular Young
{idempotents} = { diagrams of }

in kS, 41 sizen+1

» If chark = 0, p-regular condition superfluous
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A FIRST RESULT
Let k be a field with chark = pand t € k.

Theorem (Flake-L.—Posur)

There is an isomorphism of graded rings

gr Ko Repk(S;) = Sym?.
Indecomposables correspond to p-reqular Young diagrams.

The right hand side is

Sym’ = @ Ko (kS,—projy )

n>0

with multiplication induced by the induction product.
This is an analogue of Sym for char k = p (independent of k
besides dependence on p).
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THE RING Sym”
We fix
» k a field of characteristic p
» R acomplete discrete valuation ring of characteristic 0 such
that R/ rad(R) = k
» K := Quot(R) the quotient field
The canonical ring maps k <— R — K induce functors

_ K —
kS,—proj M RS,—proj & KS,,-mod

These induce
Ko(k®g—) Ko(K®r—)

Ko(kSy—proj) «———— Ko(RS,—proj) ———— Ko(KS,—mod)
isomorphism split mono

Thus, we have an embedding of rings
Sym” < Sym.

Coefficients on the Schur basis: (decomposition matrix)”
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We can write down the embedding Sym?” < Sym in deg < 4

Vil = Vo, Vil = Vol V)l = Vol + [Vaz)
Venl= Vel Vel = Vel + [V

[V(4)] = Vgl + Vel + [V + [V 14)]
Vel = Vel + [Vl + V)

and compute products in Sym?

Vol Vol = [Vl Vol V)
Vol Vel =[Vel +[Veyl Vol Vel

Vgl
23N
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THE ASSOCIATED GRADED CATEGORY
C = Repk(S¢) has a natural filtration:

REFERENCES

C, = ([0],...,[n]).
The set {[n]|n > 0} generates C and hence C = [[,,5 Cn-

Use the subquotient Krull-Schmidt categories D, := C,/C,—1 to
define the associated graded category

grC = @Dn.

n>0
The associated graded category
» is Krull-Schmidt

» inherits a tensor product from C, since C; ® C; C Cjy;
» does not have duals
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THE ASSOCIATED GRADED CATEGORY

Proposition (Flake-L.—Posur)

If a filtration of a monoidal Krull-Schmidt category C satisfies
Ci ® Cj C Ciyj, then we have an isomorphism of graded rings

Ko(grC) = grKo(C) .

The following equivalence “categorifies” gr Ko Rep(S;) = Sym”.

Example

For any field k, there is an equivalence of k-linear symmetric
monoidal categories

grRepy(St) ~ €D,>0 kSn—proj,

which is compatible with gradings.
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THE CATEGORY OF 2-COBORDISMS

Cob, denotes the category of oriented two-dimensional cobordisms
» Objects [n] = S' U... 1 S! correspond to 7 circles

» Morphisms [m] — [n] are oriented two-dimensional
cobordism with boundary given by a m incoming and n
outgoing boundary components

» [n] ® [m] = [n + m] and disjoint union of cobordisms makes
Cob, symmetric monoidal

» Linearize Cob; over a field k taking formal linear
combinations of morphisms
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A 2-COBORDISM

A morphism [5] — [6] in Cob;, is given by:
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GENERATORS FOR Cob,

Define basic cobordisms

1 1 2/ 2

Scap ‘= 5 Scup ‘= @
1

Lemma

The monoidal category Coby is generated under composition, tensor
product, and k-linear combinations by the morphisms

SmySA5SX, Scups Scap-
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THE TENSOR CATEGORIES DCob,
» Let o = p(x)/q(x) be a rational series, such that g(0) = 1,
ged(p(x), g(x)) =1
» For k = min {degp(x) + 1,q(x)} set u,(x) = x"g(x~")
» Consider the morphism x: [1] — [1] of genus 1,

1/

1

Definition (Khovanov-Sazdanovic, 2020)

DCob,, is the quotient tensor category of DCob; by the relations

ua(x) =0,  sg=agldp,

where s¢: [0] — [0] is a closed genus g surface.
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THE TENSOR CATEGORIES DCob,
» DCob,, is a k-linear symmetric tensor category
» DCob,, is a Krull-Schmidt category
» dimy Hompcep,, (X, Y) < oo for all objects (as « is rational)

» The object [1] generates DCob,, under taking tensor products
and Karoubian completion

Theorem (Khovanov-Kononov—-Ostrik)

Let o be a rational function and choose a partial fraction decomposition

a(t) = i B +aot),  ao(t) €k[t], degpi(t) < degai(t),

where the q;(t) have a unique zero, set «; := p;(t)/qi(t). Then there is
an equivalence of Karoubian tensor categories

F2: DCob, — K!_,DCob,,, [1] — @B;[0/®(~DX[1]X[0]X(—).
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SPECIAL CASES OF DCob,,

1. Letao =1t/(1 — x). Then u,(x) = x — 1 and hence
DCob,, ~ Repk(S:).

2. Let o = By + p1x, 1 # 0. Then DCob,, ~ Repi(Og,-2),
Deligne’s interpolation category of Rep(Oy).

3. The semisimplification of DCoby, for c € C*, is the category
Reptosp(1]2) (®-generated by the standard module of
osp(1]2)) by [KOK20].

» The theorem of [KOK20] tells us that over k a splitting field
for u,(x), DCoby, is an external tensor product of DCoby,,
indexed by the distinct roots of uq(x).

» [KOK20] also determine when semisimplification and
abelianization of DCob,, exist. This is equivalent to g(x)
having non-repeating roots in k and deg p(x) < degg(x) + 1.
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THE SEPARABLE CASE

Theorem (Flake-L.-Posur)

Assume that k is a splitting field for u(x). Then there is an
equivalence of symmetric monoidal categories

grDCob,, =~ P,5(Pn % kSy)-proj.

> P, =Kkxi,..., %)/ (ua(x1),. .., ua(xy)), where
X; = Id[l;l] QSmSA & Id[nfi]

» P, xkS, C EndDCoba([n])

» Consider the filtration on C = DCob,, given by
Cn = <[O]a SRR [1’1]>

» Then C,41/Cy =~ P, x kS,—proj
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GRADED GROTHENDIECK RING (SEPARABLE CASE)
For a polynomial u(x) € kx|, denote
Sux) = @nzo P, x kS,—proj,
for Py = Kklx1, ..., x,]/(u(x1), ..., u(x1)).

Corollary (Flake-L.-Posur)

Let u! (x) feature all irreducible factors of u (x) precisely once. Then

gr Ko(DCOba) =Ky (Sua (x)) =Ko (Sula (x))

The proof uses an equivalence of symmetric monoidal categories
Sur (x) == Sua(x) /Z, where 7 is the ideal generated by all radical
morphisms of P, which is contained in the radical of the
category Sy, (x)-
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THE GENERAL CASE
Let o € k[[x]] be a rational series, chark = p > 0.
» K|k be the splitting field of u,(x)
» G := Aut(Klk) the Galois group
» G acts on the zero set Z := {z € K|u,(z) = 0}

Theorem (Flake-L.—Posur)

There is an isomorphism of graded rings

gr Ko(DCob,,) = ( Qe Sym’”)G

> Ko(DCob,) = Ko (S, (x)) factors into a tensor product of
copies of Sym? using [KOK20]

» G-invariants are taken w.r.t. G permuting the tensor factors
Sym? according to G ~ Z
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EXAMPLE OF GENERAL RESULT

Consider «a(t) = % € R[[#]] with irreducible denominator

» Then u,(t) = By — Bt + t
» Splitting field: C|R, Galois group:
G = Gal(CR) 2 Z/2Z = (o|o* = 1)
> uax(t) = (t—p)(t—p), forpe C\R,0p=p
The theorem implies

gr Ko(DCob,,) 2 (Sym ® Sym)%/*~ |
consisting of

[Val ® [V, VAl @ [Vl + [V, ] @ [V ], for A # A2
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SKETCH OF THE PROOF

A categorical statement

Proposition

For G = Gal(K|k), there is an equivalence of symmetric monoidal
categories
ar DCOba = u]I(;(t(x)G,

K

compatible with gradings, where u,

(x) is uq (x) viewed in K[x|.
For a strict categorical G-action

T:G— End(C), g~ T,
the G-equivariantization C® consists of objects

X eC, with isomorphisms e;: To(X) — X
aq = Idy, e, o Th(eg) = €hg, Vg, heaG.
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SKETCH OF THE PROOF

The proposition follows from a categorical Galois descent

Theorem (Galois descent)

Given a finite Galois extension G = Gal(K|k), C a k-linear hom-finite
Krull-Schmidt category, C¥ := Kar(C Xy, vectx), there is an
equivalence

C = (CK)C: X s (XK, (Tdyx)g).

Apply the result to C = S, (v), Ua(¥) € k[x]
— =Sk,

with 1% (x) = u,(x) € K[x]
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SKETCH OF THE PROOF

In general, the equivalence C ~ (C*)© only gives an inclusion

K()(C) — Ko(CK)G.

Example

C := H-mod is an R-linear category viewing H as an R-algebra.
C® ~ Mat,(C)-mod ~ C-mod as C-linear categories, since
H ®r C = Mat;(C). We obtain:

Ko(C) = Ko(C®)®,  [H] = 2[C] € ([C])

To prove that Ko(S¢ (x)) = KO(SL,Q(X)G) we construct

U
G-equivariant objects categorifying the orbit sums in Ko(S,, (x)G)
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CONCLUDING COMMENTS

» There are other Deligne interpolation categories, Rep(GLy),
Rep(Oy), wreath products, ...

» F. Knop and recently Ehud Meir defined a framework for
general constructions of interpolation categories

» Classification questions of indecomposables can be posted
for such categories

» Our techniques can be used working over general fields k of
coefficients
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Thank you very much for your attention!
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