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SUMMARY

I Khovanov–Sazdanovic cobordism categories DCobα,
α = p(x)/q(x) a rational function

I Special case: Deligne’s category Repk(St) interpolating
Rep(Sn) to limits t ∈ k

I grK0(DCobα) ∼=
⊗

z∈Z Sym
Z: zero set of a polynomial associated to α

I Techniques developed:
I associated graded categories of Krull–Schmidt categories
I Galois descent for categorical group actions

I Works in char k = p, giving rings of modular symmetric
functions

I Joint work with Johannes Flake (Aachen) & Sebastian Posur
(Münster) ArXiv:2106.05798



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

CONTENTS

Deligne categories

Indecomposables in Krull–Schmidt categories

Khovanov–Sazdanovic categories

Results



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

DELIGNE’S INTERPOLATION CATEGORY Rep(St)

Motivation: Let V := Cn standard representation of Sn.
I Every simple Sn-representation is a direct summand of V⊗k

for some k ≥ 0.
I Partitions of {1, . . . , k, 1′, . . . , l′} give morphisms of

Sn-representations
V⊗k → V⊗l

I These morphisms span HomSn(V
⊗k,V⊗l) as a k-vector

space.
I Rep(Sn) is the idempotent completion (the Karoubian envelope)

of the full tensor subcategory generated by V.
I Deligne: Composition rule is combinatorial, the number n

appears polynomially.
I replacing n by t ∈ C gives new tensor categories Rep(St)
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DELIGNE’S INTERPOLATION CATEGORY
Rep(St) = Repk(St) is the idempotent completion of the following
category:
I Objects: [m] for m ∈ Z≥0
I Morphisms [m]→ [k]: Linear combinations of partitions of
{1, . . . ,m, 1′, . . . , k′}

I Composition: Concatenation — for example,( )
◦
( )

= = t ·
( )

Deligne ‘07: Symmetric tensor category Rep(St) for t ∈ k
I For generic t /∈ Z≥0: Rep(St) is semisimple
I For n ∈ N, there is a symmetric tensor functor

Fn : Rep(Sn)︸ ︷︷ ︸
not semisimple

−� Rep(Sn)︸ ︷︷ ︸
semisimplification

which is full & essentially surjective
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INDECOMPOSABLE OBJECTS IN RepC(St)

Theorem (Deligne for t /∈ Z≥0, Comes–Ostrik for t general)

There is an isomorphism of graded rings

grK0 RepC(St) ∼= Sym�



�
	Associated

graded ring

DD �



�
	Grothendieck

ring

__

In particular, indecomposable objects correspond to Young diagrams.

Here, Sym =
⊕

n≥0 K0 RepC(Sn) is the ring of symmetric functions
with induction product

sλsµ =
∑

ν cνλ,µsν =
[
Ind

Sn+m
Sn×Sm

(Vλ � Vµ)
]
,

where sλ = [Vλ] is the Schur function of λ ` n, and µ ` m,
and cλ,µ Littlewood–Richardson coefficients.
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KRULL–SCHMIDT CATEGORIES

Definition
An additive category C is Krull–Schmidt if every object X has a
decomposition X = X1 ⊕ . . .⊕ Xn, where EndC(Xi) is local for
all i.

I C is Karoubian (additive and idempotent complete)
I X is indecomposable⇐⇒ EndC(X) is local
I Decompositions into indecomposables is unique up to

permulation of summands—the Krull–Schmidt theorem
I Examples:

I Representation categories of groups
I If C is Karoubian, k-linear, with all dimk HomC(X,Y) <∞,

then C is Krull–Schmidt
I =⇒ Repk(St) is Krull–Schmidt
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CLASSIFYING INDECOMPOSABLES

Let C be a Krull–Schmidt category
I Take an object X 6= 0 in C

I

{
indecomposable
summands in X

}
/iso

∼←→


primitive

idempotents
in EndC(X)

/conjugation

I Pass to quotient category C/〈X〉
I C/〈X〉 formally sets IdX = 0
I The quotient is still Krull–Schmidt

I Continue with C/〈X〉 using that{
indecomposables

in C

}
∼←→
{

indecomposables
in C/〈X〉

}
t
{

indecomposables
in X

}
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THE EXAMPLE Repk(St)

Let k be any field with char k = p, consider C = Repk(St).
I [0] is indecomposable as EndC([0]) = k
I In C/ 〈[0]〉, [1] is indecomposable as End([1]) = k
I Inductively, consider [n + 1] in C/ 〈[0], . . . , [n]〉.
I One proves that in this quotient End([n + 1]) ∼= kSn+1 is the

group algebra of Sn+1

I Use the classical result{ primitive
idempotents

in kSn+1

}
∼←→

{p-regular Young
diagrams of

size n + 1

}

I If char k = 0, p-regular condition superfluous



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

A FIRST RESULT
Let k be a field with char k = p and t ∈ k.

Theorem (Flake–L.–Posur)

There is an isomorphism of graded rings

grK0 Repk(St) ∼= Symp.

Indecomposables correspond to p-regular Young diagrams.

The right hand side is

Symp =
⊕
n≥0

K0(kSn–projk)

with multiplication induced by the induction product.
This is an analogue of Sym for char k = p (independent of k
besides dependence on p).
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THE RING Symp

We fix
I k a field of characteristic p
I R a complete discrete valuation ring of characteristic 0 such

that R/ rad(R) ∼= k
I K := Quot(R) the quotient field

The canonical ring maps k← R→ K induce functors

kSn–proj
(k⊗R−)←−−−−− RSn–proj

(K⊗R−)
↪−−−−−→ KSn–mod

These induce

K0(kSn–proj)
K0(k⊗R−)←−−−−−−−−

isomorphism
K0(RSn–proj)

K0(K⊗R−)−−−−−−→
split mono

K0(KSn–mod)

Thus, we have an embedding of rings

Symp ↪→ Sym.

Coefficients on the Schur basis: (decomposition matrix)T



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

Example

We can write down the embedding Sym2 ↪→ Sym in deg ≤ 4

[V(0)] 7→ [V(0)], [V(1)] 7→ [V(1)], [V(2)] 7→ [V(2)] + [V(12)]

[V(2,1)] 7→ [V(2,1)], [V(3)] 7→ [V(3)] + [V(13)]

[V(4)] 7→ [V(4)] + [V(3,1)] + [V(2,12)] + [V(14)]

[V(3,1)] 7→ [V(3,1)] + [V(22)] + [V(2,12)]

and compute products in Sym2

[V(1)] · [V(1)] = [V(2)] [V(1)] · [V(3)] = [V(4)]

[V(1)] · [V(2)] = [V(3)] + [V(2,1)] [V(1)] · [V(2,1)] = [V(3,1)]

[V(2)] · [V(2)] = [V(4)] + 2[V(3,1)]
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THE ASSOCIATED GRADED CATEGORY

C = Repk(St) has a natural filtration:

Cn = 〈[0], . . . , [n]〉.

The set {[n]|n ≥ 0} generates C and hence C =
∐

n≥0 Cn.

Use the subquotient Krull–Schmidt categories Dn := Cn/Cn−1 to
define the associated graded category

gr C =
⊕
n≥0

Dn.

The associated graded category
I is Krull–Schmidt
I inherits a tensor product from C, since Ci ⊗ Cj ⊆ Ci+j

I does not have duals



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

THE ASSOCIATED GRADED CATEGORY

Proposition (Flake–L.–Posur)

If a filtration of a monoidal Krull–Schmidt category C satisfies
Ci ⊗ Cj ⊆ Ci+j, then we have an isomorphism of graded rings

K0(gr C) ∼= grK0(C) .

The following equivalence “categorifies” grK0 Rep(St) ∼= Symp.

Example

For any field k, there is an equivalence of k-linear symmetric
monoidal categories

grRepk(St) '
⊕

n≥0 kSn–proj,

which is compatible with gradings.
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THE CATEGORY OF 2-COBORDISMS

Cob2 denotes the category of oriented two-dimensional cobordisms
I Objects [n] = S1 t . . . t S1 correspond to n circles
I Morphisms [m]→ [n] are oriented two-dimensional

cobordism with boundary given by a m incoming and n
outgoing boundary components

I [n]⊗ [m] = [n + m] and disjoint union of cobordisms makes
Cob2 symmetric monoidal

I Linearize Cob2 over a field k taking formal linear
combinations of morphisms
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A 2-COBORDISM

Example

A morphism [5]→ [6] in Cob2 is given by:

1′

1

2′

2

3′

3

4′

4

5′

5

6′
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GENERATORS FOR Cob2
Define basic cobordisms

sm :=

1′

1 2

, s∆ :=

1′ 2′

1

sX :=

1′ 2′

1 2

1′

,

scap :=
1

, scup :=
1′

Lemma
The monoidal category Cob2 is generated under composition, tensor
product, and k-linear combinations by the morphisms
sm, s∆, sX, scup, scap.
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THE TENSOR CATEGORIES DCobα
I Let α = p(x)/q(x) be a rational series, such that q(0) = 1,

gcd(p(x), q(x)) = 1
I For k = min {deg p(x) + 1, q(x)} set uα(x) = xkq(x−1)
I Consider the morphism x : [1]→ [1] of genus 1,

x = s∆ ◦ sm =

1′

1

Definition (Khovanov–Sazdanovic, 2020)

DCobα is the quotient tensor category of DCob2 by the relations

uα(x) = 0, sg = αg Id[0],

where sg : [0]→ [0] is a closed genus g surface.



Deligne categories Indecomposables in Krull–Schmidt categories Khovanov–Sazdanovic categories Results REFERENCES

THE TENSOR CATEGORIES DCobα
I DCobα is a k-linear symmetric tensor category
I DCobα is a Krull–Schmidt category
I dimkHomDCobα

(X,Y) <∞ for all objects (as α is rational)
I The object [1] generates DCobα under taking tensor products

and Karoubian completion

Theorem (Khovanov–Kononov–Ostrik)

Let α be a rational function and choose a partial fraction decomposition

α(t) =
∑l

i=1
pi(t)
qi(t) + α0(t), α0(t) ∈ k[t], deg pi(t) < deg qi(t),

where the qi(t) have a unique zero, set αi := pi(t)/qi(t). Then there is
an equivalence of Karoubian tensor categories

FD
α : DCobα

∼−→ �l
i=0DCobαi , [1] 7→

⊕
i[0]
�(i−1)� [1]� [0]�(n−i).
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SPECIAL CASES OF DCobα
Example

1. Let α = t/(1− x). Then uα(x) = x− 1 and hence
DCobα ' Repk(St).

2. Let α = β0 + β1x, β1 6= 0. Then DCobα ' Repk(Oβ1−2),
Deligne’s interpolation category of Rep(On).

3. The semisimplification of DCobc, for c ∈ C×, is the category
Rep+osp(1|2) (⊗-generated by the standard module of
osp(1|2)) by [KOK20].

I The theorem of [KOK20] tells us that over k a splitting field
for uα(x), DCobα is an external tensor product of DCobαi ,
indexed by the distinct roots of uα(x).

I [KOK20] also determine when semisimplification and
abelianization of DCobα exist. This is equivalent to q(x)
having non-repeating roots in k and deg p(x) ≤ deg q(x) + 1.
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THE SEPARABLE CASE

Theorem (Flake–L.–Posur)

Assume that k is a splitting field for uα(x). Then there is an
equivalence of symmetric monoidal categories

grDCobα '
⊕

n≥0(Pn o kSn)–proj.

I Pn = k[x1, . . . , xn]/
(
uα(x1), . . . ,uα(xn)

)
, where

xi = Id[i−1]⊗sms∆ ⊗ Id[n−i]

I Pn o kSn ⊂ EndDCobα
([n])

I Consider the filtration on C = DCobα given by
Cn = 〈[0], . . . , [n]〉

I Then Cn+1/Cn ' Pn o kSn–proj
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GRADED GROTHENDIECK RING (SEPARABLE CASE)
For a polynomial u(x) ∈ k[x], denote

Su(x) :=
⊕

n≥0 Pn o kSn–proj,

for Pn = k[x1, . . . , xn]/
(
u(x1), . . . ,u(x1)

)
.

Corollary (Flake–L.–Posur)

Let u′α(x) feature all irreducible factors of uα(x) precisely once. Then

grK0(DCobα) = K0
(
Suα(x)

)
= K0

(
Su′

α(x)

)
.

The proof uses an equivalence of symmetric monoidal categories
Su′

α(x) ' Suα(x)/I, where I is the ideal generated by all radical
morphisms of Pn which is contained in the radical of the
category Suα(x).
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THE GENERAL CASE

Let α ∈ k[[x]] be a rational series, char k = p ≥ 0.
I K|k be the splitting field of uα(x)
I G := Aut(K|k) the Galois group
I G acts on the zero set Z := {z ∈ K|uα(z) = 0}

Theorem (Flake–L.–Posur)

There is an isomorphism of graded rings

grK0(DCobα) ∼=
(⊗

z∈Z Symp)G

I K0(DCobα) ∼= K0
(
Su′

α(x)

)
factors into a tensor product of

copies of Symp using [KOK20]
I G-invariants are taken w.r.t. G permuting the tensor factors

Symp according to G y Z
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EXAMPLE OF GENERAL RESULT

Example

Consider α(t) = c0+c1t
1−β1t+β0t2 ∈ R[[t]] with irreducible denominator

I Then uα(t) = β0 − β1t + t2

I Splitting field: C|R, Galois group:
G = Gal(C|R) ∼= Z/2Z =

〈
σ|σ2 = 1

〉
I uαK(t) = (t− ρ)(t− ρ), for ρ ∈ C \ R, σρ = ρ

The theorem implies

grK0(DCobα) ∼= (Sym⊗ Sym)Z/2Z ,

consisting of

[Vλ]⊗ [Vλ], [Vλ1 ]⊗ [Vλ2 ] + [Vλ2 ]⊗ [Vλ1 ], for λ1 6= λ2
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SKETCH OF THE PROOF
A categorical statement

Proposition

For G = Gal(K|k), there is an equivalence of symmetric monoidal
categories

grDCobα ' SuK
α(x)

G,

compatible with gradings, where uK
α(x) is uα(x) viewed in K[x].

For a strict categorical G-action

T : G→ End(C), g 7→ Tg,

the G-equivariantization CG consists of objects

X ∈ C, with isomorphisms eg : Tg(X)→ X
α1 = IdX, eh ◦ Th(eg) = ehg, ∀g, h ∈ G.
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SKETCH OF THE PROOF

The proposition follows from a categorical Galois descent

Theorem (Galois descent)

Given a finite Galois extension G = Gal(K|k), C a k-linear hom-finite
Krull–Schmidt category, CK := Kar(C �k vectK), there is an
equivalence

C ∼−→ (CK)G : X 7→ (XK, (IdXK)g).

Apply the result to C = Suα(x), uα(x) ∈ k[x]

=⇒ CK ∼= SuK
α(x),

with uK
α(x) = uα(x) ∈ K[x]
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SKETCH OF THE PROOF

In general, the equivalence C ' (CK)G only gives an inclusion

K0(C) ↪→ K0(CK)G.

Example

C := H–mod is an R-linear category viewing H as an R-algebra.
CC ' Mat2(C)–mod ' C–mod as C-linear categories, since
H⊗R C ∼= Mat2(C). We obtain:

K0(C)→ K0(CC)G, [H] 7→ 2[C] ( 〈[C]〉

To prove that K0(SG
uα(x))

∼= K0(Suα(x)
G) we construct

G-equivariant objects categorifying the orbit sums in K0(Su′
α(x)

G)
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CONCLUDING COMMENTS

I There are other Deligne interpolation categories, Rep(GLt),
Rep(Ot), wreath products, ...

I F. Knop and recently Ehud Meir defined a framework for
general constructions of interpolation categories

I Classification questions of indecomposables can be posted
for such categories

I Our techniques can be used working over general fields k of
coefficients
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Thank you very much for your attention!
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