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PLUCKER COORDINATES

Pliicker coordinates describe the embedding

— T

Grassmannian Ar——= (pr(A))1 Projective Space

Gk,nc—> ]P’(Z) -1

Case (k,n) = (2,4) [Plicker 1865]
ailr ... O
Point in Gy , +— k x n-matrix A =

a1 ... Qpu
Ay, - A14,
Ig{l,,n}<—>p1(A) = GC[HZJ|I,]]

Aiy -+ ki,
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THE COORDINATE RING OF Gy,

Coordinate rings: Quotient ring

Clpr] — Ok, :== C[p1]/K

» I C{1,...,n} all subsets of size |I| = k
» p; are the Pliicker coordinate functions
» K is the ideal of Pliicker relations [Weitzenbrock, 1923]
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PLUCKER RELATIONS

Relations in K:
» Permuting indices — skew-symmetry

» Pliicker relations

k+1
> Db =0,

t=1

forl:{ila"-aikfl}/]:{jla"-vjk+l} - {1,...,7”1}.

Oy : P12P34 — P13pP24 + p1ap23 = 0,
(93,6 : P123P456 — P124P356 + P125P346 — P126P345 = 0,
P123P245 — P124P235 + P125p23s = 0,

and relations from permuting the indices
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HOMOLOGICAL PROPERTIES

Theorem (Doubilet—-Rota—Stein '74, Sturmfels—White "89)

The ring Oy, is G-quadratic, i.e. K has a quadratic Grobner basis.
In particular, O, is Koszul. That is,

Bxt;(C,C) = (P Bxt(C,€) = A' = Clpi]/ (),

where Kt is the orthogonal complement of the relations.
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QUASI-DETERMINANTS

Commutative case: Determinants of minors describe Pliicker
embedding

Noncommutative case: Replace them by an analogue of
determinants in noncommutative variables —
Quasi-determinants [Gelfand—Retakh 1991]

Example
a a .. ... . . .
<a11 au) entries in a division ring — four quasi-determinants:
21 a2
a1l anp -1 ann a2 -1
=a11 — A120,, a4 =a1p — 1105, a4
Gy, 11 12857 421, 1oy 12 118571 22
11 12
a1 a1z -1 a1 a4 -1
= dp1 — Aa244, a11, = d2 — az1041 412
11
a1 a2y a21  a22)5
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PROPERTIES OF QUASI-DETERMINANTS

Analogues of quotients of determinants (—1)"*/|A|/|A"].
Quasi-determinants may not exists
Version of Cramer’s Rule

Well-behaved with Gaussian Elimination

vVvyYyyvyy

Satisfy a noncommutative Sylvester identity (heredity
priciple, well-behaved with block decompositions)

v

No easy product rule

v

Application: Noncommutative symmetric functions
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QUASI-PLUCKER COORDINATES

A — generic k x n-matrix with noncommuting variables

ay ary .- alik71 611]' A TT alik71
I I o . . .
7 = q3(A) ==
Ay akil e lel'ki1 1i ak]' akil e akik,l 1

I={i1,...,ik1} C{1,...,n}, withi ¢
» vanishifj €], and g}, =1
» independent of order of I
» GL-invariantin A

> qN\{l’]}qu\{] g (Noncom. Skew-Symmetry)

> Ifi¢ M, thend qf}dqﬁ\{’} (Pliicker Relations)
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ALGEBRAS OF QUASI-PLUCKER COORDINATES

Q,(qk) — algebra of quasi-Pliicker coordinates, generated by qllj,
with [I| =k -1

RP c Qi — subalgebra generated by qu, withi <j

Note 1: The assignment qll.]. — ‘711‘]' (A)

gives an algebra homomorphism from Q,Sk) to the free
skew-field generated by the entries of A.

— Both R,gk), Q,Sk) generate the same sub skew-field

Note 2: If the entries of A commute, then

pii(A)
qgj(A) = ],l A
~—— pil ( )
quasi-Pliicker >
Pliicker
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Proposition (L.—Retakh)

The algebra RV isa quadratic-linear algebra with generators qu, for
i <j,such that

|
Tiiq = qar

k=1

M L\{h} L\{lo,ikx)} _ M
Z Do D1 + 0, = o1,
=1

Example
RP: (n-2) (5) generators qﬁ-‘j fork ¢ {i < j}, such that

gay=ar.  ddrde=ar,  mé{i<j<kh
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NONHOMOGENEOUS KOSZUL ALGEBRAS

Priddy 1970: Koszul algebras — quadratic graded algebras such
that Ext’, (k, k) is concentrated in diagonal bi-degree (i.e. easy
to compute).

Positselski 1993: Theory of nonhomogeneous Koszul algebras

Basic idea: Check Koszulity of the associated graded algebra.

» If A is quadratic-linear, then the Koszul dual Ext}, (k, k)
becomes a DG algebra, otherwise a curved DG algebra.

» Example: U(g) universal enveloping algebra of a Lie
algebra is nonhomogeneous Koszul.
— If g is semisimple, the dual is the standard Lie algebra
cohomology complex.
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THE MAIN THEOREM

Theorem (L.—Retakh)

The algebra R,(qk) is a quadratic-linear Koszul algebra (in the sense of
Positselski).
Similarly, Q,Sk) is a nonhomogeneous Koszul algebras.

Proof strategy.

The quadratic parts of the relations in szk) form a quadratic
Grobner basis (that is, have a noncommutative PBW basis).
This can be shown using the quadratic dual (which is

finite-dimensional). O
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LINKS TO OTHER WORK

» Lauve 2005: Quasi-Pliicker relations determine relations of
the g-Grassmannian of Taft-Towber

» Sottile-Sturmfels 1999: coordinate rings of Quantum
Grassmannian (i.e minors with polynomial entries) are
Koszul

» The algebra Qﬁlz) appears in Berenstein—Retakh’s
Noncommutative Marked Surfaces

» Similar relations to Q) appear in Pendavingh’s study of
Matroids over Skew-Fields
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